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Abstract We study the tensor product of two directed Archimedean partially ordered
vector spaces X and Y by means of Riesz completions. With the aid of the Fremlin
tensor product of the Riesz completions of X and Y we show that the projective cone
in X ⊗ Y is contained in an Archimedean cone. The smallest Archimedean cone
containing the projective cone satisfies an appropriate universal mapping property.
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1 Introduction
Tensor products of function spaces are common objects in functional analytic consid-
erations. These tensor products often have a natural lattice order, just as their compo-
nents. D. H. Fremlin has studied a general construction of a tensor product of Riesz
spaces (vector lattices) which is compatible with the natural tensor products of func-
tion spaces. It turns out that such a construction is quite involved. In his seminal paper
[7], Fremlin views the algebraic vector space tensor product of two function spaces
as a space of functions on the Cartesian product of the underlying spaces. Then he
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endows this space with the induced order. As this space is in general not a Riesz
space, he considers the Riesz subspace generated by the vector space tensor product.
Fremlin succeeds with a similar construction to make a Riesz space tensor prod-
uct for arbitrary Archimedean Riesz spaces. His construction uses representations of
Archimedean Riesz spaces with order units as subspaces of spaces of continuous
functions.
The main point where the representation theory in Fremlin’s construction is used, is
the construction of the ambient space of which the vector space tensor product is a sub-
space. This ambient space yields the induced order on the vector space tensor product
and it yields the completion to a Riesz space. The main difficulties in finding an intrin-
sic construction are the definition of the appropriate order on the vector space tensor
product and the completion of this partially ordered vector space to a Riesz space.
An alternative construction of the Fremlin tensor product is provided by the theory
of tensor products of -groups in [5,10].
Grobler and Labuschagne [8] give an intrinsic construction of the Fremlin tensor
product. They begin with the projective cone in the vector space tensor product, which
is the cone generated by the elementary tensors of positive elements. They show that
the relative uniform closure of the projective cone induces the appropriate order on
the tensor product. The Fremlin tensor product is then obtained by means of Dede-
kind completions. On their way they also construct the tensor product of directed
Archimedean partially ordered vector spaces with the Riesz decomposition property.
In the latter case the order on the tensor product is required to satisfy a universal
mapping property (see Definition 4.1). One of the major steps in the construction of
Grobler and Labuschagne where the Riesz decomposition property is used is the proof
that the relative uniform closure of the projective cone is again a cone and not just a
wedge.
It is our intention to study tensor products of partially ordered vector spaces by
means of Riesz completions. The notion of pre-Riesz space and Riesz completion
have been introduced by van Haandel in [14]. We consider two directed Archimedean
partially ordered vector spaces X and Y and show that the relative uniform closure
of the projective cone in the vector space tensor product X ⊗ Y is a cone with the
desired universal mapping property. The proof uses the Riesz completions of X and
Y and their Fremlin tensor product. Our result extends [8, Theorem 2.5] since we do
not need the Riesz decomposition property.
Section 2 recalls the vector space tensor product and the projective cone. In Sect. 3
we recall the required terminology on Riesz completions and present Fremlin’s ten-
sor product as Riesz completion. In Sect. 4 we use Riesz completions to construct
the appropriate cone in the tensor product of directed Archimedean partially ordered
vector spaces.
2 The tensor product and the projective cone
Let us recall the definitions and main results of the vector space tensor product and
the projective cone. The standard facts are given without proof or reference. For the
reader’s convenience complete proofs are provided in [13].
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Definition 2.1 Let X and Y be (real) vector spaces. A pair (T, τ ) is called a tensor
product of X and Y provided
(1) T is a vector space and τ : X × Y → T is a bilinear map; and
(2) if S is a vector space and σ : X ×Y → S is a bilinear map, then there is a unique
linear map σ ∗ : T → S such that σ(x, y) = σ ∗(τ (x, y)) for all x ∈ X and
y ∈ Y .
Remark 2.2 If (T, τ ) is a tensor product of X and Y , then {τ(x, y) : x ∈ X, y ∈ Y }
spans T . Indeed, for
S = span{τ(x, y) : x ∈ X, y ∈ Y }
and σ = τ there is a linear map σ ∗ : T → S such that τ(x, y) = σ ∗(τ (x, y)) for
all x ∈ X and y ∈ Y . Suppose that T \S = ∅. By choosing first a Hamel basis of S
and then extending it to a basis of T , one can construct a linear map φ : T → R with
φ = 0 and φ = 0 on S. Choose s ∈ S with s = 0 and define σ ∗2 : T → S by σ ∗2 (t) =
σ ∗(t)+φ(t)s. Then σ ∗2 = σ ∗ on S, in particular τ(x, y) = σ ∗2 (τ (x, y)) for all x ∈ X
and y ∈ Y , and for u ∈ T with φ(u) = 0 one has σ ∗2 (u) = σ ∗(u) + φ(u)s = σ ∗(u),
which contradicts the uniqueness of σ ∗.
Theorem 2.3 Let X and Y be vector spaces.
(a) There exists a tensor product (T, τ ) of X and Y .
(b) If (Tˆ , τˆ ) is another tensor product of X and Y, then there is a linear bijection
τ ∗ : Tˆ → T
such that τ(x, y) = τ ∗(τˆ (x, y)) for all x ∈ X, y ∈ Y .
It follows from Theorem 2.3 that there exists an essentially unique tensor product
(T, τ ) of X and Y . We denote it as usual by X ⊗ Y , and for x ∈ X and y ∈ Y we use
the notation x ⊗ y = τ(x, y).
The next lemma will be needed in the sequel to relate the tensor product of pre-Riesz
spaces and the tensor product of their Riesz completions.
Lemma 2.4 Let X,Y,U and V be vector spaces and letρX : X → U andρY : Y → V
be linear injections. Let
ρ(x, y) := ρX (x) ⊗ ρY (y), x ∈ X, y ∈ Y.
Then the unique linear map ρ∗ : X ⊗ Y → U ⊗ V satisfying ρ∗(x ⊗ y) = ρ(x, y)
for all x ∈ X and y ∈ Y is injective.
Proof Let w, z ∈ X ⊗ Y be such that ρ∗(w) = ρ∗(z). Due to Remark 2.2, there are




αi xi ⊗ yi .
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Choose a Hamel basis (ei )i∈I of ρX (X) and extend it to a Hamel basis (ei )i∈I ′ of U
and choose a Hamel basis ( f j ) j∈J of ρY (Y ) and extend it to a Hamel basis ( f j ) j∈J ′
















λiμ jρ−1X (ei ) ⊗ ρ−1Y ( f j ).
Then η is bilinear and η(ρX (x), ρY (y)) = x ⊗ y for all x ∈ X and y ∈ Y . Hence there
is a unique linear map η∗ : U ⊗ V → X ⊗ Y such that η∗(u ⊗ v) = η(u, v) for all















∗(ρX (xi ) ⊗ ρY (yi )) =
n∑
i=1
αi xi ⊗ yi = z.
Similarly, η∗(ρ∗(w)) = w. From ρ∗(z) = ρ∗(w) it follows that z = w. unionsq
Before we consider the projective cone, we recall some terminology on partially
ordered vector spaces.
By X we denote a real vector space and by K a cone in X , that is, K is a wedge
(x, y ∈ K , λ, μ ≥ 0 imply λx + μy ∈ K ) and K ∩ (−K ) = {0}. In X a partial order
is introduced by defining y ≥ x if and only if y − x ∈ K . Denote for a subset M ⊆ X
the set of all upper bounds by
Mu = {x ∈ X : x ≥ m for all m ∈ M}.
The space (X, K ) is called Archimedean if for every x, y ∈ X with nx ≤ y for all
n ∈ N ∪ {0} one has x ≤ 0. A set M ⊆ X is called directed if for every x, y ∈ M
there is an element z ∈ M such that z ≥ x and z ≥ y. X is directed if and only if
the cone K is generating in X , that is, X = K − K . X has the Riesz decomposition
property if for every y, x1, x2 ∈ K with y ≤ x1 + x2 there exist y1, y2 ∈ K such that
y = y1 + y2 and y1 ≤ x1, y2 ≤ x2. For standard notions in the case that X is a Riesz
space, see [1].
Let (X, K X ) and (Y, KY ) be partially ordered vector spaces. In the vector space





αi xi ⊗ yi : xi ∈ K X , yi ∈ KY , αi ∈ R+, n ∈ N
}
.
Theorem 2.5 (T, KT ) is a partially ordered vector space. If X and Y are directed
partially ordered vector spaces, then KT is generating in T .
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A proof of Theorem 2.5 can be found in, e.g., [13].
KT is called the projective cone in T .
3 Riesz completions and the Fremlin tensor product
A partially ordered vector space X is called pre-Riesz if for every x, y, z ∈ X the
inclusion {x + y, x + z}u ⊆ {y, z}u implies x ∈ K [14, Definition 1.1 (viii), Theorem
4.15]. Every pre-Riesz space is directed and every directed Archimedean partially
ordered vector space is pre-Riesz [14]. Clearly, each Riesz space is pre-Riesz.
By a subspace of a partially ordered vector space or a Riesz space we mean an arbi-
trary linear subspace with the inherited order. We do not require it to be a lattice or a sub-
lattice. We say that a subspace X of a Riesz space Y generates Y as a Riesz space if for
every y ∈ Y there exist a1, . . . , am, b1, . . . , bn ∈ X such that y = ∨mi=1 ai −
∨n
i=1 bi .
We call a linear subspace D of a partially ordered vector space X order dense in
X if for every x ∈ X we have x = inf{y ∈ D : y ≥ x}, that is, each x is the greatest
lower bound of the set {y ∈ D : y ≥ x} in X .
Recall that a linear map i : X → Y , where X and Y are partially ordered vector
spaces, is called bipositive if for every x ∈ X one has i(x) ≥ 0 if and only if x ≥ 0.
An embedding map is required to be linear and bipositive, which implies injectivity.
Let X be a partially ordered vector space. According to van Haandel [14, Corollaries
4.9–11 and Theorems 3.5, 3.7, 4.13] the following statements are equivalent:
(i) X is pre-Riesz.
(ii) There exist a Riesz space Y and a bipositive linear map i : X → Y such that
i(X) is order dense in Y .
(iii) There exist a Riesz space Y and a bipositive linear map i : X → Y such that
i(X) is order dense in Y and generates Y as a Riesz space.
All spaces Y as in (iii) are isomorphic as Riesz spaces. A pair (Y, i) as in (iii) is called
a Riesz completion of X . As it is unique up to isomorphism we will speak of the Riesz
completion of X and denote it by Xρ . If X is Archimedean, then its Riesz completion
coincides with its enveloping Riesz space, as defined below Theorem 2.9 in [4].
Van Haandel also introduces a notion of homomorphism adapted to the concept of
pre-Riesz spaces. Let X and Y be directed partially ordered vector spaces. A linear
map h : X → Y is called a Riesz* homomorphism if for any a, b ∈ X and for every
lower bound x of {a, b}u in X one has that h(x) is a lower bound of {h(a), h(b)}u in
Y (see [14, Definition 5.1]). If X and Y are Riesz spaces, then h : X → Y is a Riesz*
homomorphism if and only if it is a Riesz homomorphism. If X and Y are pre-Riesz
spaces, then h : X → Y is a Riesz* homomorphism if and only if it is the restriction
of a Riesz homomorphism from Xρ into Y ρ . The composition of two Riesz* homo-
morphisms is a Riesz* homomorphism (see [14, Remarks 5.2(ii), (iii), and Theorem
5.6]).
Next we recall Fremlin’s main result on the tensor product of Archimedean Riesz
spaces (E, E+) and (F, F+).
Theorem 3.1 [7, 4.2] Let E and F be Archimedean Riesz spaces. Then there is an
essentially unique Archimedean Riesz space G and a Riesz bimorphism φ : E × F →
G such that
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(i) whenever H is an Archimedean Riesz space and ψ : E × F → H is a Riesz
bimorphism, there is a unique Riesz homomorphism T : G → H such that
T φ = ψ ;
(ii) φ induces an embedding of E ⊗ F in G;
(iii) E ⊗ F is dense in G in the sense that for every w ∈ G there exist x0 ∈ E
and y0 ∈ F such that for every δ > 0 there is a v ∈ E ⊗ F such that
|w − v| ≤ δx0 ⊗ y0;
(iv) if w > 0 in G, then there exist x ∈ E+ and y ∈ F+ such that 0 < x ⊗ y ≤ w.
The essentially unique Archimedean Riesz space G in the above theorem is called
the Fremlin tensor product of E and F and is denoted by E ⊗¯ F . The essential unique-
ness means that any Archimedean Riesz space G with the properties of the theorem
is Riesz isomorphic to E ⊗¯ F . Usually, one identifies the vector space tensor product
E ⊗ F with the corresponding linear subspace of E ⊗¯ F .
The next result says that the Fremlin tensor product is the Riesz completion of the
vector space tensor product equipped with the order induced by the Fremlin tensor
product. This fact is contained in [5, Theorem 4]. A proof based on the density property
in Theorem 3.1(iii) (see also [2]) is given in [13].
Theorem 3.2 Let E and F be Archimedean Riesz spaces, let E ⊗¯ F be the Fremlin
tensor product of E and F , and let E ⊗ F be the linear subspace generated by all
x⊗y, x ∈ E, y ∈ F, endowed with the induced order. Then E⊗F is a pre-Riesz space
and E ⊗¯ F is its Riesz completion. Moreover, the inclusion map φˆ : E ⊗ F → E ⊗¯ F
is a Riesz* homomorphism.
4 Closure of the projective cone
Consider two Archimedean Riesz spaces X and Y , their vector space tensor product
T = X ⊗Y , and let KT be the projective cone in X ⊗Y as defined in Sect. 2. Although
the order induced by KT is natural from a construction point of view, it is often not the
natural order in examples. For instance, if X = Y = C[0, 1], then the order induced
by KT on X ⊗ Y viewed as subspace of C([0, 1] × [0, 1]) is not the natural pointwise
order on [0, 1] × [0, 1] (see [7, Counter example 4.7]). The advantage of Fremlin’s
construction via representations is that it yields the natural order in examples. The
problem of the cone KT is that it is in general non-Archimedean and smaller than the
cone of Fremlin’s order. The closure of KT has been studied in various settings with
topologies or order units, see [3,6,9,11,12].
It turns out that the cone of Fremlin’s order can be obtained from KT by taking a suit-
able Archimedean closure of KT . Grobler and Labuschagne have taken this approach
in [8] to construct the cone of Fremlin’s order intrinsically from KT . They were able
to extend their methods to directed Archimedean partially ordered vector spaces with
the Riesz decomposition property. We will go even further and show that the Riesz
decomposition property is not needed. Instead of embedding in bidual spaces we will
use Riesz completions. Thus, we construct the tensor product of arbitrary directed
Archimedean partially ordered vector spaces with the proper order. Our construction
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of the appropriate wedge in the tensor product is intrinsic. However, for the proof that
it is in fact a cone, we need to rely on Fremlin’s results.
In the remainder of this section, let (X, K X ) and (Y, KY ) be two directed Archi-
medean partially ordered vector spaces, let T = X ⊗ Y be their vector space tensor
product, and let KT be the projective cone as constructed in Sect. 2.
The next definition is taken from [8, Section 2].
Definition 4.1 A cone K in X ⊗ Y is called an Archimedean tensor cone if KT ⊆
K and the following universal mapping property is satisfied: For every directed
Archimedean partially ordered vector space (S, KS) and every positive bilinear map
σ : X × Y → S the induced linear map σ ∗ : (X ⊗ Y, K ) → (S, KS) is positive.
If an Archimedean tensor cone in X ⊗ Y exists, then it is unique [8, Section 2].
Let (Xρ, ρX ) and (Y ρ, ρY ) be the Riesz completions of X and Y , respectively. Then
Xρ and Y ρ are Archimedean Riesz spaces. Let Xρ⊗¯Y ρ be the Fremlin tensor product.
Then there exists a Riesz bimorphism φF : Xρ × Y ρ → Xρ ⊗¯ Y ρ with the properties
as in Theorem 3.1. In particular, there is a linear injection hF : Xρ ⊗Y ρ → Xρ ⊗¯ Y ρ
such that
hF (u ⊗ v) = φF (u, v) for all u ∈ Xρ, v ∈ Y ρ.
Define ρ : X × Y → Xρ ⊗ Y ρ by
ρ(x, y) := ρX (x) ⊗ ρY (y), x ∈ X, y ∈ Y.
Then ρ is bilinear, so ρ induces a unique linear map ρ∗ : X ⊗ Y → Xρ ⊗ Y ρ such
that
ρ(x, y) = ρ∗(x ⊗ y) for all x ∈ X, y ∈ Y.
By Lemma 2.4, ρ∗ is injective. Hence X ⊗ Y is embedded into Xρ ⊗¯ Y ρ by the
injective linear map hF ◦ ρ∗. Thus the order of the Fremlin tensor product Xρ ⊗¯ Y ρ
induces an order on X ⊗ Y . Define
KF := {w ∈ X ⊗ Y : hF (ρ∗(w)) ∈ (Xρ⊗¯Y ρ)+}.
Lemma 4.2 KF is a cone in X ⊗ Y, KT ⊆ KF , and (X ⊗ Y, KF ) is Archimedean.
Proof Since hF and ρ∗ are linear and injective, KF is a cone. For x ∈ K X and y ∈ KY ,
we have
hF (ρ∗(x ⊗ y)) = hF (ρ(x, y)) = hF (ρX (x) ⊗ ρY (y))
= φF (ρX (x), ρY (y)) ∈ (Xρ⊗¯Y ρ)+,
as φF is a Riesz bimorphism and therefore positive. So x ⊗ y ∈ KF , which implies
that KT ⊆ KF .
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If w1, w2 ∈ X ⊗Y are such that w1 −nw2 ∈ KF for all n ∈ N, then hF (ρ∗(w1))−
nhF (ρ∗(w2)) ∈ (Xρ ⊗¯ Y ρ)+ for all n. Then −hF (ρ∗(w2)) ∈ (Xρ ⊗¯ Y ρ)+, as
Xρ ⊗¯ Y ρ is Archimedean. So −w2 ∈ KF . Hence (X ⊗ Y, KF ) is Archimedean. unionsq
Due to Lemma 4.2, the cone KT is contained in an Archimedean cone, so there
exists a smallest Archimedean cone K in X ⊗ Y which contains KT . K is obtained
as the intersection of all Archimedean cones that contain KT . It turns out that K is
the Archimedean tensor cone in X ⊗ Y . There is an alternative construction of the
Archimedean tensor cone as the relatively uniform closure (ru-closure) of KT , which
we need in the proof.
We recall some facts about the relative uniform topology. Let (S, KS) be a directed
partially ordered vector space. A sequence (sn)n in S is said to converge relatively uni-
formly to an s ∈ S, denoted by sn → s (ru), if there exist an a ∈ KS and a sequence
(λn)n in R+ such that λn → 0 as n → ∞ and −λna ≤ sn − s ≤ λna for all n.
A subset C of S is called ru-closed if it is closed under ru-convergence of sequences.
It can be shown that there exists a vector space topology in S for which the closed
sets are exactly the ru-closed subsets of S. This topology is called the ru-topology in
S. By the ru-closure of a set C ⊆ S we mean the smallest ru-closed set in S which
contains C .
Lemma 4.3 KF is ru-closed in (X ⊗ Y, KT ).
Proof Let (wn)n in KF and w ∈ X ⊗ Y be such that wn → w (ru). Take a ∈ KT
and λn → 0 such that we have in KT -order for all n that −λna ≤ wn − w ≤ λna.
Let w˜ := hF (ρ∗(w)), w˜n := hF (ρ∗(wn)), n ∈ N, and a˜ := hF (ρ∗(a)). Since
hF ◦ ρ∗ is positive we obtain −λna˜ ≤ w˜n − w˜ ≤ λa˜ in (Xρ ⊗¯ Y ρ)+-order for all n.
Then w˜ ≥ w˜n − λna˜ ≥ −λna˜ for all n. As (Xρ ⊗¯ Y ρ)+ is Archimedean, we obtain
w˜ ∈ (Xρ ⊗¯ Y ρ)+, so that w ∈ KF . unionsq
Theorem 4.4 For a cone K in X ⊗ Y the following four statements are equivalent:
(a) K is the Archimedean tensor cone.
(b) Let (S, KS) be a directed Archimedean partially ordered vector space and let
φ : X ⊗ Y → S be a linear map such that φ(w) ∈ KS for all w ∈ KT . Then
φ(w) ∈ KS for all w ∈ K .
(c) K is the smallest Archimedean cone in X ⊗ Y with KT ⊆ K .
(d) K = KT , where KT is the ru-closure of KT in (X ⊗ Y, KT ).
Proof (a) ⇒ (c): Let L be an Archimedean cone in X ⊗ Y with KT ⊆ L . Take
S := X⊗Y , KS := L , and σ(x, y) := x⊗y, x ∈ X , y ∈ Y . Since σ is positive bilinear
and K is the Archimedean tensor cone, it follows that σ ∗ : (X ⊗ Y, K ) → (X ⊗ Y, L)
is positive. As σ ∗ is the identity map on X ⊗ Y , we obtain that K ⊆ L .
(c) ⇒ (d): We first show that K is ru-closed. Let (wn)n in K and w ∈ X ⊗ Y be
such that wn → w (ru). Then there are an a ∈ KT and λn → 0 such that in KT -order
we have
−λna ≤ wn − w ≤ λna for all n ∈ N.
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Then w + λna − wn ∈ KT ⊆ K , so w + λna ∈ K for all n. As K is Archimedean,
we obtain that w ∈ K . Hence K is ru-closed, so that KT ⊆ K .
Since KT ⊆ KF and KF is ru-closed according to Lemma 4.3, we have KT ⊆ KF .
As KF is a cone by Lemma 4.2 and KT is a wedge, it follows that KT is a cone.
Next we show that KT is Archimedean. Letw1, w2 ∈ X⊗Y be such that w2−nw1 ∈
KT for all n ∈ N. Since KT is directed, there is a w3 ∈ KT with w3 − w2 ∈ KT and
w3 + w2 ∈ KT . Then in KT -order we have for all n that
− 1
n
w3 ≤ 1n w2 = 1n w2 − w1 − (−w1) = 1n w2 ≤ 1n w3,
so 1
n
w2 −w1 → −w1 (ru). Hence −w1 ∈ KT , so KT is Archimedean. Thus KT ⊇ K .
(d) ⇒ (b): Let (S, KS) be a directed Archimedean partially ordered vector space
and let φ : X ⊗ Y → S be linear and such that φ(w) ∈ KS for all w ∈ KT . Let
C := {w ∈ X ⊗ Y : φ(w) ∈ KS}.
Then C ⊇ KT . We show that C is ru-closed. Let (wn)n in C and w ∈ X ⊗ Y be such
that wn → w (ru). Take a ∈ KT and λn → 0 such that in KT -order we have for all n
that −λna ≤ wn − w ≤ λna. Then for all n we have
−λnφ(a) ≤ φ(wn − w) ≤ λnφ(a),
so φ(w) ≥ φ(wn) − λnφ(a) ≥ −λnφ(a). As S is Archimedean, we get φ(w) ∈ KS ,
so w ∈ C . Hence C is ru-closed, so that K ⊆ C .
(b) ⇒ (a): Let (S, KS) be a directed Archimedean partially ordered vector space
and let σ : X × Y → S be a positive bilinear map. Then the induced linear map
σ ∗ : X ⊗ Y → S is such that σ ∗(w) ∈ KS for all w ∈ KT . Hence σ ∗(w) ∈ KS for all
w ∈ K , which means that σ ∗ : (X ⊗ Y, K ) → (S, KS) is positive. unionsq
Remark 4.5 Birnbaum [3] and Peressini and Sherbert [12] study the projective cone









φ(xi )ψ(yi ) ≥ 0 ∀φ ∈ K ′X , ψ ∈ K ′Y , n ∈ N
}
,
where K ′X and K ′Y denote the sets of all positive linear functionals on (X, K X ) and
(Y, KY ), respectively. In some cases Kb equals the smallest Archimedean cone con-
taining KT . However, Birnbaum gives an example [3, p. 1051] where Kb is strictly
larger than the smallest Archimedean cone containing KT , so that Kb is not the Ar-
chimedean tensor cone.
It follows from Theorem 4.4 that the Archimedean tensor cone K in X ⊗ Y is con-
tained in the cone KF induced by the order of the Fremlin tensor product of the Riesz
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completions of X and Y . It is an interesting question whether K and KF coincide. It
may also be interesting to relate K and the pseudo-closure of KT in the sense of [8].
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